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Abstract

Background: Longitudinal data analysis can improve our understanding of the influences on health trajectories
across the life-course. There are a variety of statistical models which can be used, and their fitting and interpretation
can be complex, particularly where there is a nonlinear trajectory. Our aim was to provide an accessible guide along
with applied examples to using four sophisticated modelling procedures for describing nonlinear growth trajectories.

Methods: This expository paper provides an illustrative guide to summarising nonlinear growth trajectories for
repeatedly measured continuous outcomes using (i) linear spline and (i) natural cubic spline linear mixed-effects
(LME) models, (iii) Super Imposition by Translation and Rotation (SITAR) nonlinear mixed effects models, and (iv) latent
trajectory models. The underlying model for each approach, their similarities and differences, and their advantages
and disadvantages are described. Their application and correct interpretation of their results is illustrated by analysing
repeated bone mass measures to characterise bone growth patterns and their sex differences in three cohort studies
from the UK, USA, and Canada comprising 8500 individuals and 37,000 measurements from ages 5-40years. Recom-
mendations for choosing a modelling approach are provided along with a discussion and signposting on further
modelling extensions for analysing trajectory exposures and outcomes, and multiple cohorts.

Results: Linear and natural cubic spline LME models and SITAR provided similar summary of the mean bone growth
trajectory and growth velocity, and the sex differences in growth patterns. Growth velocity (in grams/year) peaked
during adolescence, and peaked earlier in females than males e.g., mean age at peak bone mineral content accrual
from multicohort SITAR models was 12.2 years in females and 13.9years in males. Latent trajectory models (with
trajectory shapes estimated using a natural cubic spline) identified up to four subgroups of individuals with distinct
trajectories throughout adolescence.

Conclusions: [ ME models with linear and natural cubic splines, SITAR, and latent trajectory models are useful for
describing nonlinear growth trajectories, and these methods can be adapted for other complex traits. Choice of
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method depends on the research aims, complexity of the trajectory, and available data. Scripts and synthetic datasets
are provided for readers to replicate trajectory modelling and visualisation using the R statistical computing software.

Keywords: ALSPAC, Bone mineral content, BMDCS, Growth models, Life-course, Mixed-effects, PBMAS, Tutorial

Background

Appropriate modelling of repeated measures in cohort
studies can improve our understanding of: (i) patterns of
change across the life-course (e.g., developmental trajec-
tories to peak function and age-related decline); (ii) influ-
ences on these patterns of change; and (iii) influence of
variation in patterns of change on later health and well-
being [1]. Many developmental processes display non-
linear patterns of change with age, especially during the
growing years, which makes it important but challenging
to accurately model their trajectories [2]. Also requir-
ing attention is the choice of method to appropriately
address the research question, e.g., whether to use meth-
ods that model an average trajectory in the whole sample
[3-5] or clustering based approaches to identify groups
of individuals with similar trajectories [6]. Moreover,
there is a lack of accessible and practical guidance which
can discourage novice researchers from using more com-
plex methods [7]. Thus, an overview of sophisticated
modelling procedures along with open-source software
applications and application in multiple different cohorts
can help address these challenges.

This paper provides a guide to describing nonlin-
ear longitudinal growth trajectories for a single repeat-
edly-measured continuous outcome using linear and
natural cubic regression splines [3, 4], SITAR (Super Impo-
sition by Translation and Rotation) models [5], and (spline-
based) latent trajectory models [6] — all common methods
for examining growth. The next section of the paper gives
an overview of modelling nonlinear growth and the various
models considered. The four approaches (and the appro-
priate interpretation of their results) are then illustrated by
modelling bone mass trajectories across three cohort stud-
ies to characterise patterns of change and their sex differ-
ences. The final section provides recommendations about
when different modelling methods might be useful and
discusses approaches and challenges in analysing exposures
and outcomes of patterns of change, and in making cross-
cohort comparisons.

Methods

Modelling nonlinear growth

A variety of statistical methods are available for han-
dling repeated (correlated) observations from the same
individuals and analysing trajectories [8]. Most methods
involve fitting growth models within either a structural

equation modelling framework (e.g., latent growth curve
analysis where change is analysed as a latent process [9])
or a multilevel modelling framework, with both giving
similar results under certain conditions [10]. One type
of repeated measures model that is useful when the pri-
mary interest is estimating a population-average trajec-
tory is generalised estimating equations (GEE) [11, 12].
This uses a working covariance matrix to correct for the
dependence among repeated observations but is usu-
ally not suited for examining variation within/between
individuals. Another repeated measures model that can
estimate both population-average and individual-specific
trajectories (and is more robust to missing outcome data
than GEE) is the mixed-effects model [13].

Mixed-effects models

Mixed-effects models (random-effects, multilevel, or
hierarchical models) estimate a population-average tra-
jectory as ‘fixed effects’ and variation of individual trajec-
tories around this average as ‘random effects’ [12-14]. A
common form is the linear mixed-effects (LME) model
where the repeated outcome is modelled by a linear com-
bination of the fixed and random effects. An LME model
for a single continuous outcome (e.g., weight), as a linear
function of time, which includes random intercepts and
random slopes can be written as follows:

Yij = Boi + Pritij + &ij €ij ~ N(O: 082)» Lid. (1)
Boi = Po + uoi, uoi ~ N(O, O'g), iid. (1.1)
Bii = B1 + sy 1 ~ N(O, 012), iid. 1.2)

where, y; denotes a single outcome y measured in indi-
vidual i (i=1,2,..,N) at time ¢; (j=1,2,...,J), with
responses (y;...y5) assumed to be independent between
individuals. B,; and §;; are individual-specific intercept
and slope terms (respectively) that have fixed effects
(8,,81) and random effects (i, #;;). The random effects
u; are assumed to be independently normally distrib-
uted with mean zero and covariance matrix (2,,. Residual
errors ¢; are assumed to be independently identically
normally distributed with variance o2 and reflect the
difference between observed and predicted values for
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Fig. 1 Example illustrating the limitations of using polynomial functions to approximate a nonlinear growth trajectory. Coloured lines represent
predicted trajectories from LME models with age as (a) linear term and as (b) quadratic polynomial and (c) cubic polynomial. Points display weight
measurements taken from 70 females in the Berkeley Child Guidance Study. Dataset was originally provided as an appendix to the book by
Tuddenham and Snyder (1954). The data for this example were taken from the freely accessible ‘Berkeley’dataset provided with the ‘sitar’ package
[15]

18 20

individual i at occasion j. The random effects u; and
residuals ¢; are assumed to be mutually independent.

Moving beyond a linear trajectory

The LME model in Eq. (1) assumes linear change in the
outcome with increasing time (e.g., age). Nonlinear
change, which is common (particularly when modelling
change over a large age range and/or during periods of
rapid complex growth) can be incorporated into LME
models by including linear combinations of nonlinear
terms for age in the model — i.e., keeping the linear link
function. Historically, the standard approach has been to
make use of polynomial functions to approximate nonlin-
ear curves. However, as illustrated in Fig. 1, polynomials
have limitations, e.g., simpler polynomials give few curve
shapes and more complex polynomials tend to fit badly
at extremes and produce artefactual turns in the curve.
A more flexible alternative to analysing complex patterns
of change (e.g., with several peaks/troughs, as with body
mass index (BMI) over infancy, childhood, and adoles-
cence) is using a set of connected polynomials covering
different segments of the time/age distribution known as
spline functions.

Spline functions

A spline function is a set of piecewise polynomials that
are joined together at break/turning points called knots
(see [16] for an introductory review). Splines are formed
using spline basis functions (the dimensional space

containing each element from a set of local polynomi-
als) and can be fitted by various methods including lin-
ear and nonlinear models. The polynomial degree and
method of knot placement is generally what distinguishes
between different spline functions. There are three main
ways of estimating spline functions: as regression splines,
penalised regression splines, and smoothing splines [12,
16-19]. Regression splines use fewer knots than observa-
tions — here both the number and location of knots must
be specified by the user. Penalised regression splines are
regression splines that include an added penalty on the
parameters — here, the user does not need to specify
the knots, instead, a (maximum) spline basis complex-
ity (flexibility) is specified, and the spline coefficients are
then penalised by a tuning parameter to avoid overfit-
ting. Smoothing splines use a knot at every unique obser-
vation with penalisation of the estimated curve — these
preceded penalised regression splines and are now less
widely used.

In this paper, we consider two commonly used types
of regression splines: linear splines and natural cubic
splines. These can be parameterised by a linear combi-
nation of the transformed covariate (e.g., age) and thus
they can be fitted within an LME framework to model
a repeated outcome as a nonlinear function of time. Fit-
ting penalised regression spline models is covered briefly
in the Discussion section. The next three sections give
an overview to using linear and natural cubic splines in
LME models and approaches to choosing the number
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and position of knots. SITAR, which utilises a natural
cubic spline within a nonlinear mixed effects framework,
is then covered. These three mixed-effects modelling
approaches all estimate population-average trajectories
(and individual variation from these) and so can be used
when it is hypothesised that the study population shares a
common mean trajectory. Extensions to latent trajectory
models (with trajectory shapes estimated using natural
cubic splines) for situations where the aim/hypothesis is
to identify suspected latent heterogenous trajectories in
subpopulations as opposed to one mean trajectory for
the whole population are covered in the subsequent sec-
tion. All four modelling approaches are summarised in
Table 1.

Linear spline LME models

The simplest spline function is the linear spline which can
be used to describe growth by a series of connected lines
joined at knots, where the slope can change after each
knot [3]. For example, a linear spline for age (measured
from 5 to 40years) with 2 knots at ages 10 and 15years
produces three different linear slopes of the repeated out-
come measure (e.g., weight): 5 to <10, 10 to <15, and 15
to <40years. The LME model in Eq. (1) can be rewrit-
ten to include a linear spline function for age b(¢) with K
knots £, <&, <...{xas:

Yij = Boi + ﬂlltl[ + Z bkl tl]

$k)+ +e; (2

0 t; < &

(8= &) ty =& @1

(ty = &), = {
The model in Eq. (2) includes a linear spline in both the
fixed and random effects (with b; having fixed effect b,
and random effect v;;) which allows for nonlinear mean
and individual trajectories, respectively. The fixed and
random splines are assumed to have the same knots in
Eq. (2) however, it is possible to allow fewer knots in the
random spline. If the aim was solely to model a nonlinear
mean trajectory, then Eq. (2) can be simplified by replac-
ing the random spline with a random line — here, ,; and
B; have similar interpretation as in Eq. (1), with random
effect v;; omitted (i.e., by;=b;). The rate of change of a lin-
ear spline (1st derivative) is not continuous at the knots.
An alternative function that has continuous 1* and 2"
derivatives is the natural cubic spline.

Natural cubic spline LME models

A natural cubic spline (also known as restricted cubic
spline) is a set of cubic polynomials with continuity and
slope constraints at each knot, and additional constraint
of linearity at the extremes of the curve, typically before
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the first and after the last knot [12, 16, 20, 21]. This extra
linearity constraint makes the trajectory less erratic at the
ends of the age distribution and so more reliable than lin-
ear splines (and unrestricted cubic splines). The inclusion
of cubic terms with continuity constraints means natu-
ral cubic spline models can be more parsimonious for
complex shapes than a linear spline with many knots. An
LME model that includes a natural cubic spline function
b(t) with K knots & <&, <...& (and a linearity constraint
for values t< &, and t> &) can be written as:

3
Yij = ,301 + lslztu + Z bkl tl] %-k)* + Eij (3)
(ti/ - fk)? = (t;j _fk)i - (tij - ‘fk—l)iéék__sz
3.1)
+(tv.—§)3§’(1 % ok=12...K-2 G
(A e

In words, a natural cubic spline for age (measured
from 5 to 40vyears) with 2 knots at 10 and 15years (and
with first and last knots at 5 and 40years, respectively),
invokes 3 cubic polynomials: between 5 to <10, 10 to
<15, and 15 to <40years, and has its curvature equal to
0 at ages 5 and 40vyears. If the first and last knots were
placed at older and younger ages respectively, then the
curve would be linear from the first and last knot to the
youngest and oldest ages, respectively. Note, we have
defined the natural cubic spline using truncated power
basis (like how the linear spline was defined). The analy-
sis software creates this function using a B-spline basis
which is mathematically challenging to represent but
numerically more stable. Whatever basis is used, if the
polynomial degree and knots are identical, then the
spline will always be the same.

Choosing number and location of knots

The flexibility of regression splines is determined by the
number/position of the knot points. For a natural cubic
spline, the number of knots (rather than their position) is
more important [20]. A small number of knots (between
3 and 5 knots) provides a good fit to some patterns [20]
though, with many repeats (e.g., data spanning many
decades) more knots may be required. Approaches to
selecting the number/position of knots include (i) placing
knots at quantiles of the age distribution (ii) using equally
spaced knots, (iii) inspecting smoothing curves and using
these to select knots, (iv) starting with many knots and
reducing their number, and (v) placing knots at the mean
age of data collection [3].

Model selection can be done informally (i.e., by
inspecting plots of fitted values/residuals from competing
models with different knots). Valid comparison between
models with different knots (i.e., models with non-nested
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mean structures) can be done using likelihood-based
information criteria (e.g., Bayesian Information Criterion
value (BIC)) provided maximum likelihood (ML) estima-
tion is used [22]. Note however, ML-based variance esti-
mates are biased downwards [12] and so one approach is
to compare models fitted by ML and by restricted maxi-
mum likelihood (REML). Cross-validation is also useful
for model selection [23]. If knot position was a primary
interest (e.g., testing sensitive periods), then topic knowl-
edge can inform placement of knots [24].

SITAR models

SITAR is a shape invariant nonlinear mixed-effects model
[5, 25]. Whereas LME spline models are linear models
that allow terms to describe a non-linear trajectory with
age, nonlinear mixed-effects models are fundamentally
nonlinear in the coefficients [12]. SITAR assumes that a
study population has a common characteristic curve (fit-
ted as fixed effects), which through shifting and scaling
(by a set of 3 random effects) can be transformed into any
individual curve. Following the notation in Cole et al [5,
26], a SITAR model for outcome y can be written as:

t—PBo—Bi )
j=a +a‘+h< + & 4
i =t & exp (—yo — vi) Y @)

where y; is the outcome measurement for individual i
at age j; ay, Sy ¥, are fixed effects; a;, §;, and y; are ran-
dom effects for the i th individual; 4(¢) is a natural cubic
spline curve; and ¢; are independent normally distributed
errors. The 3 random effects describe the size (a,), timing
(B,), and intensity (y;) of individual growth relative to the
mean growth curve. a; adjusts for the differences in y and
geometrically reflects individual shifts up or down (trans-
lation) in the mean curve; f3; adjusts for differences in
the timing of peak growth in y and geometrically reflects
left to right shifts (translation) in the mean curve; and y;
adjusts for the duration of the growth spurt and geomet-
rically corresponds to shrinking or stretching of the age
scale and rotating the curve.

Note, a key difference from other mixed effects models,
with or without a natural cubic spline mean curve, is that
SITAR models growth on both the x- and y-axes — this
allows differences in developmental age to be modelled.
Common practice in selecting the best fitting SITAR
models is to compare models with varying number of
knots placed at quantiles of the age distribution for the
spline curve [5]. The internal SITAR model structure is
also customisable [15].

Latent trajectory models
The spline and SITAR models described above assume
that the population is homogenous and described at the
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population level by a mean trajectory, with variability
of individuals about this mean. As an alternative, latent
trajectory models assume that there is a heterogenous
population composed of unknown subgroups (latent
classes) of individuals, each characterised by a unique
mean trajectory profile [6, 27, 28]. Therefore, latent
trajectory modelling addresses a different research
hypothesis where heterogeneity in the population-aver-
age (mean) trajectory is of key interest. Latent trajec-
tory models aim to minimise within group variance and
maximise between group differences so that individuals
are more similar within groups than between groups.
Each individual has a probability of belonging to each
latent class and is assigned to the class with the highest
probability. Class membership is defined using a latent
discrete random variable, with membership probability
described by a multinomial logistic model.

Several latent trajectory modelling approaches are
possible (see [6] for a recent overview). These include
models that ignore the longitudinal structure (known
as longitudinal latent class analysis) and models assum-
ing no variability between individuals within subgroups
(known as latent class growth analysis or group-based
trajectory models). Another approach that is a direct
extension of standard mixed-effects models is a growth
mixture model, which involves fitting multiple growth
curves to subgroups of individuals that share a com-
mon trajectory. Following the notation in [6], the LME
model in Eq. (1) can be rewritten as a growth mixture
model as:

Yijle = Bo; + Biitiy + ejjfore=1,...,C, (5)

where C indicates number of latent classes, with proba-
bilities p,, c=1, ..., C,with0<p,<1and Y5 p. = 1. All
other terms are defined as before but specifically for each
class c. Growth can be parameterised as nonlinear, e.g.,
using a natural cubic spline curve in each class (assuming
same number/position of knots). Class-specific covari-
ances for individual-level error terms can be included,
and both fixed and random effects can be class specific.
Model estimation is conditional on a pre-specified
number of classes, with the optimal number of classes
identified through a combination of approaches. These
include assessing interpretability and plausibility of
classes e.g., inspecting if trajectories show biologically
plausible patterns and examining characteristics (e.g.,
socioeconomic position) of the classes [29], informa-
tion criteria, entropy (statistic for class separation), and
numerically meaningful sub-groups (e.g., >5% class
size). Models with >1 class are prone to local maxima
solutions (i.e., convergence to the best solution in a
neighbourhood of the parameter space, rather than the
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global maximum (largest loglikelihood)). This can be
avoided by using different starting values [30].

lllustrative example

Next, using data from three cohort studies, we demon-
strate the application of the four modelling approaches
described above to characterise bone mineral content
(BMC) growth trajectories and their sex differences,
including in population subgroups with potentially dis-
tinct trajectories.

Bone mass through the life course

Bone mass in early life is thought to be an important
determinant of fracture and osteoporosis risk in later life
[31] however, few studies have described its developmen-
tal trajectory. Furthermore, sex differences in osteoporo-
tic fracture are assumed to be due to menopause but may
also reflect early sexual dimorphism in bone develop-
ment. This is a timely exploration, given the availability of
studies with repeated measurements of BMC (a marker
of bone strength).

Studies and measurements

Three studies with repeated BMC measurements from
childhood to adulthood were included (Table 2, Addi-
tional file 1): the Avon Longitudinal Study of Parents
and Children (ALSPAC) [32, 33], Bone Mineral Den-
sity in Childhood Study (BMDCS) [34], and Pediatric
Bone Mineral Accrual Study (PBMAS) [35]. Total-body
(excluding-head) BMC was measured in grams using
whole-body Dual-Energy X-ray Absorptiometry (DXA)
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scans. Of note, the studies used DXA devices from dif-
ferent manufacturers (Lunar vs. Hologic) which scale
differently and are not interchangeable but repeat scans
within studies were acquired on the same device. Individ-
uals from each study were included if they had >1 meas-
ure of BMC and no missing data on age at DXA scan (in
years) or sex. Analyses were restricted to white ethnic-
ity because 2 cohorts were ethnically homogeneous [33,
35]. The final analysis samples comprised 3888 males and
4007 females in ALSPAC, 465 males and 488 females in
BMDCS, and 112 males and 127 females in PBMAS. All
studies had ethics approval and obtained parental or par-
ticipant informed consent.

Statistical analysis

Analyses were performed in R version 4.0.2 (R Project for
Statistical Computing) and RStudio version 1.3.1 (RStu-
dio Team). R code is available at https://github.com/ael-
hak/nltmr/. Synthetic versions of the PBMAS cohorts
were simulated [36] and can be found in the same
repository.

Prior to trajectory modelling, scatterplots of BMC
against age, and line plots of the individual BMC tra-
jectories were used to inspect the form of the trajectory
and identify clearly outlying observations. The data-
sets used for trajectory modelling (Fig. 2) showed as
expected nonlinear change in BMC with age, and higher
BMC in ALSPAC due to Lunar device. The numbers
of individuals at each visit were described and age and
BMC were summarised with means and standard devia-
tions (Additional file 1). Models were fitted separately

Table 2 Characteristics of the three cohort studies included in the trajectory modelling

Study name Avon Longitudinal Study of Bone Mineral Density in Pediatric Bone Mineral Accrual
Parents and Children (ALSPAC) Childhood Study (BMDCS) Study (PBMAS)
Design birth cohort study (started in child cohort study (started in child cohort study (started in 1991)

1990-1992)

catchment area of 3 health authori-
ties in Southwest England, UK

Region and country

Birth years 1990-1992
Ethnicity 98% white ethnicity
DXA device used to measure BMC Lunar Prodigy

Mean age at the baseline/youngest
DXA scan (range)

Mean age at last/oldest DXA scan
(range)

Frequency and the maximum num-
ber of repeated DXA scans

Individuals included in the analysis®

9.9years (8.8-11.7 years)
24.6years (22.4-26.5years)

up to 6 repeated scans at mean
ages9.9,11.7,13.8,154,17.8, and
24.6years

4007 females

3888 males

2002-2003)

5 USA clinic centres: Los Angeles,
New York, Cincinnati, Omaha,

2 elementary schools, Saskatoon,
Saskatchewan, Canada

Philadelphia

1985-1997 1983-1976
ethnically diverse 95% white ethnicity
Hologic QDR-4500A Hologic QDR-2000

10.8years (6.0-17.0years) 11.8years (8.0-15.1years)

16.1years (6.9-23.3 years) 37.3years (34.3-40.2 years)

up to 7 yearly repeated scans Up to 16 repeated scans (1991-

1998, 2003-2005, 2007-2011 and

2016-2017)
488 females 127 females
465 males 112 males

?Trajectory modelling was restricted to white ethnicity individuals


https://github.com/aelhak/nltmr/
https://github.com/aelhak/nltmr/

Elhakeem et al. BMC Medical Research Methodology (2022) 22:68

Page 8 of 20

(a) Observed BMC Values

© Aspac @ BMDCS @ PBMAS

Females

Males

45001

BMC - grams
n w
o a
o (=]
o o

o
=}
S

o
S
S

L

4 8 12 16 20 24 28 32

36 40
Age - years

(b) Observed BMC Individual Trajectories

T 'I. T T T T T T T T
4 8 12 16 20 24 28 32 36 40

Females

4500 4

35001

25001

15001

5001

ovdsIv

45001

w
o
S
S

25001

BMC - grams
@
8

o
S
S

L

SOang

45001

35001

25001

15001

5004

Svnad

4 8 12

(b)

16 20 24 28 32 36 40 4 8 12
Age - years

Fig. 2 Plots of the cohort datasets used in the trajectory modelling showing (a) bone mineral content (BMC) values at each age, and (b) BMC

individual trajectories. Figure shows the observed BMC values by cohort and sex (a), and the observed BMC individual trajectories by cohort and sex
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by sex due to expected difference in bone mineral con-
tent accrual, and our aim was to explore this in the illus-
trative example.

Linear and natural cubic spline LME models were fit-
ted using the ‘/me4’ package [37]. Models with 2 to 6
knots (placed at quantiles of the age distribution) in the
fixed effects curve were compared. Nonlinear individual
trajectories were allowed by including a random effects
spline with 1 knot at the median. SITAR models with
2 to 6 knots (at quantiles of the age distribution) in the
spline curve (and three random-effects) were fitted using
the ‘sitar’ package [15]. LME and SITAR models were
fitted by ML and best fitting models (optimum number

of knots) were determined by the smallest BIC (Addi-
tional file 2). Goodness of fit for the selected models
was assessed by examining residuals (conditional on the
random effects) from LME models and variance in BMC
explained by SITAR models. The selected models were
used to describe BMC growth trajectory and growth
velocity. Slopes of the fixed effects spline segments from
the linear spline models were used to summarise mean
BMC velocity during different age windows and identify
windows for peak growth. Mean peak BMC velocity and
age at peak BMC velocity were obtained from the natural
cubic spline LME and SITAR models by differentiating
the mean spline curves.
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Growth mixture models were fitted using the ‘lcrmm’
package [30]. The forms of the best fitting mean natural
cubic spline curves were used to model the fixed effects
age curve. Models included random intercepts and ran-
dom linear age slopes. Models with different numbers of
latent classes were compared: from a 1-class model (i.e.,
a standard natural cubic spline LME model where all
individuals follow a single mean trajectory) up to models
with 5 classes. Models with >1 class included class-spe-
cific random effects covariance matrices. An automatic
search procedure was used to estimate each 2-5 class
model for 100 iterations using random initial values from
the distribution of the 1-class model. Optimal number
of classes was chosen by inspecting predicted trajectory
sub-groups from each model for biological plausibility,
in addition to the smallest BIC and biggest entropy, and
by excluding small class size (>5%). Goodness of fit and
discrimination capacity of the selected models (i.e. with
optimal number of classes) was assessed by calculating
posterior class membership probabilities [30].

Results

The mean predicted BMC trajectories in each cohort
from the linear spline LME (Fig. 3), natural cubic
spline LME (Fig. 4), and SITAR models (Fig. 5) showed
that BMC increased with age up to a plateau in young
adulthood, and thereafter remained stable to age 40
(in PBMAS). All models showed evidence of steeper
growth trajectories through adolescence coinciding with
emerging sex differences, with males subsequently hav-
ing higher BMC than females, and plateauing later than
females. BMC trajectories from all models were broadly
similar (Fig. 6). Both linear and natural cubic spline
LME models and SITAR provided a good fit to the data
(Online Resource 2). The mean BMC growth velocity
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in different age windows (from linear spline LME mod-
els) peaked during adolescence, and the peak was lower
and occurred earlier in females than males (Table 3).
Mean BMC growth velocity curves from natural cubic
spline LME and SITAR models were similar (Figs. 4-
5): for all cohorts, the mean ages at peak BMC veloc-
ity from both models were within the age windows for
peak growth identified by the linear spline LME models
(Table 4).

The selected growth mixture models identified 3
subgroups in females and 2 subgroups in males from
ALSPAC and BMDCS, and 4 in females and 3 in males
from PBMAS (Fig. 7). Overall, differences in mean BMC
between subgroups were larger during adolescence
than in childhood and adulthood. One group with 15%
of PBMAS females had higher mean BMC up to age 40
than the remaining three groups. A group comprising
27% of PBMAS males reached a lower peak and showed
signs of bone loss by age 40, compared to the other two
groups. The 2 trajectory groups in ALSPAC males dis-
played a biologically implausible lack of plateau by early
adulthood. Model discrimination capacity was better in
PBMAS (and BMDCS) than in ALSPAC, likewise entropy
was high in PBMAS and low in ALSPAC and BMDCS
(Additional file 3).

Discussion

Our results provide evidence on bone mineral accrual
from 5 to 40years. Linear and natural cubic spline LME
and SITAR showed that the levels and rates of change in
BMC were greater for males than females, with peak gains
in adolescence in both, but later in males than females.
Growth mixture (latent trajectory) models (with trajec-
tory shapes estimated using natural cubic splines) iden-
tified potentially distinct trajectory sub-groups, with the

(a) Linear Spline BMC Trajectory: ALSPAC

(b) Linear Spline BMC Trajectory: BMDCS

(c) Linear Spline BMC Trajectory: PBMAS
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Fig. 3 Mean BMC growth trajectory from the selected linear spline LME models. Figure shows the estimated mean BMC trajectory in females (black)
and males (red) from linear spline LME models in ALSPAC (a), BMDCS (b), and PBMAS (c). Shaded areas around the mean trajectories represent 95%
confidence intervals
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Fig. 4 Mean BMC growth trajectory (left panels) and mean BMC growth velocity and age at peak velocity (right panels) from the selected natural
cubic spline LME models. Figure shows the estimated mean BMC trajectory (a, ¢, €) and mean BMC growth velocity (b, d, f) in females (black) and
males (red) from natural cubic spline LME models in ALSPAC (a, b), BMDCS (c, d), and PBMAS (e, f). The vertical lines in subplots b, d, f represent the
mean age at peak velocity. Shaded areas around the mean growth trajectories represent 95% confidence intervals

greatest between-group differences seen in adolescence.  with previous studies on sex differences in BMC and sug-
While the main aim of these analyses was to illustrate dif-  gest that in both sexes puberty is an important period for
ferent modelling approaches, our results are consistent peak bone accrual [38—40].
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(a) SITAR BMC Trajectory and Velocity: ALSPAC Females
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(c) and males (d), and PBMAS females (e) and males (f)

(b) SITAR BMC Trajectory and Velocity: ALSPAC Males
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Fig. 5 Mean BMC growth trajectory (solid black curves), mean BMC growth velocity (dashed blue curves), and mean age at peak BMC velocity
(vertical red lines) from the selected SITAR models. Figure shows the estimated mean BMC trajectory (solid black curves), mean BMC growth velocity
(dashed blue curves) and mean age at peak BMC velocity (vertical red lines) from SITAR models in ALSPAC females (a) and males (b), BMDCS females

Choosing a modelling approach

All the modelling techniques presented may be used to
model BMC and other growth processes. Both spline
LME models and SITAR were previously used on height/
weight/BMI [4, 26, 41, 42]; linear splines LME and SITAR
models were previously used on bone density [38, 43];
linear and natural cubic spline LME were used to analyse
blood pressure change [44, 45]. Choice of method will be
determined by research question, including whether this
is concerned with differences in mean change over time
in the whole study population (where LME or SITAR
may be useful), or if the aim is to identify data-driven
population subgroups for patterns of change (where a
latent trajectory model may be useful). Complexity of the
underlying trajectory, and data availability i.e., number of
individuals and repeat measurements will also influence
choice of method (see [46, 47] for a discussion on sample
size in growth models). All models presented can han-
dle unbalanced datasets (i.e., with individually varying

measurement occasions, as in our example). If the data-
set is balanced (i.e., all measurements taken at the same
schedule for everyone, e.g., participants are measured at
exactly 2, 4, and 6years of age), this will limit the com-
plexity of models that can be fitted.

When the main aim is to quantify growth rate at dif-
ferent periods of the life-course, then linear splines may
be preferred because of their more interpretable slope
coefficients compared to the natural cubic spline LME
and SITAR models. If the aim is to describe the shape
of the trajectory or identify specific peaks and troughs
(e.g., age at peak velocity), then natural cubic spline
LME or SITAR are more useful, because linear spline
cannot identify points of maxima/minima (but can
identify periods/age windows). The number and spac-
ing of repeated measures can influence model conver-
gence and the complexity that can be allowed [48, 49].
SITAR was designed to model adolescent growth in
height, and (like other nonlinear models) its parameters
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Fig. 6 Overlayed mean BMC growth trajectories from the selected linear spline LME models, natural cubic spline LME models, and SITAR models.
Figure shows the overlayed mean BMC growth trajectories from the selected linear spline LME models, natural cubic spline LME models, and SITAR
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reflect its specific purpose. Hence, SITAR may not work
well for complex trajectories (e.g., depressive symptoms
[50]), and natural cubic spline LME may offer more
flexible alternatives. Notable, SITAR fitted without the
timing fixed effect (5,) is analogous to a random inter-
cept random slope model, and so should be at least
as flexible as LME. A simple tactic that may improve
SITAR (and optimise knot placement in LME models)
is transforming the age scale [48, 51].

The regression splines presented have the advantage of
being straightforward to estimate once the number/loca-
tion of knots is set, with the functions calculated by solv-
ing linear equations. If the number of knots is too small,
the spline can be sensitive to knot location (and placing
knots at quantiles or evenly spaced may not be useful)
whereas if the number of knots is too large this can lead
to overfitting. Penalised regression splines (introduced

in the Methods) are highly flexible alternative functions
which avoid the need for knot selection, though are less
straightforward to estimate due to the uncertainty of the
tuning parameter [12, 16, 17]. One powerful approach
for applying penalised regression splines to describe
population-average growth trajectories is using general-
ised additive mixed models (GAMM) [52-55]. Here, the
linear predictor depends linearly on an unknown regres-
sion spline function of one or more covariates (e.g., time/
age) and a tuning parameter is estimated (by REML,
generalised cross-validation or other approaches) and
used to penalise the spline and avoid overfitting. When
applied to PBMAS, a penalised regression spline GAMM
estimated mean BMC growth trajectory and veloc-
ity curves that were broadly consistent with the curves
obtained from regression spline LME and SITAR models

(Fig. 8).



Elhakeem et al. BMC Medical Research Methodology (2022) 22:68

Page 13 of 20

Table 3 Estimated mean BMC growth velocity during different age windows from the selected linear spline LME models

Grams per year change in BMC [(mean (95% Cl)]

ALSPAC

BMDCS

PBMAS

Females
8.8y to 11.4y (ALSPAC); 5.0y to 7.9y (BMDCS); 7.9y to 14.2y (PBMAS)
11.4y to 13.9y (ALSPAC); 7.9y to 10.7y (BMDCS); 14.2y to 20.5y (PBMAS)
13.9y to 16.4y (ALSPAC); 10.7y to 13.6y (BMDCS); 20.5y to 26.9y (PBMAS)
16.4y to 18.9y (ALSPAC); 13.6y to 16.4y (BMDCS); 26.9y to 33.2y (PBMAS)
189y to 21.5y (ALSPAC); 16.4y to 19.3y (BMDCS); 33.2y to 39.5y (PBMAS)
21.5y to 24.0y (ALSPAC); 19.3y to 22.1y (BMDCS)
24.0y to 26.5y (ALSPAC)
Males
8.8y to 12.3y (ALSPAQC); 5.0y to 8.6y (BMDCS); 7.8y to 12.5y (PBMAS)
12.3y to 15.9y (ALSPAQC); 8.6y to 12.3y (BMDCS); 12.5y to 17.1y (PBMAS)
15.9y to 19.4y (ALSPAC); 12.3y to 16.0y (BMDCS); 17.1y to 21.7y (PBMAS)
19.4y to 23.0y (ALSPAC); 16.0y to 19.6y (BMDCS); 21.7y to 26.3y (PBMAS)
23.0y to 26.5y (ALSPAC); 19.6y to 23.3y (BMDCYS); 26.3y to 31.0y (PBMAS)
31.0y to 35.6y (PBMAS)
35.6y to 40.2y (PBMAS)

177.7 (173810 181.6)
2389 (236.0t0 241.7)
1173 (113210 121.3)
50(=13t0113)
99.2 (74.210 124.2)
20.1(—=70t047.2)
152 (3.0t0 27.5)

148.5 (144.2 t0 150.8)
305.6 (302.5 to 308.8)
103.3 (98.6 to 108.0)
93.5(84.1 10 102.8)
11.7 (=64 10 29.9)

67.6 (60.1 to 75.1)
84.1 (79.0 10 89.2)
189.0 (184.7 t0 193.3)
85.7 (80.1t091.3)
174 (106 to 24.1)
19.5(11.1 10 27.8)

702 (61.7 10 78.7)
1074 (101.7 to 113.1)
253.2 (248410 258.0)
714 (6331079.5)
8.0 (=3.51019.6)

1954 (189.7 t0 201.1)
34.7 (30.0 t0 39.5)
—33(=75t009)
9.1 (3.0to 15.1)
52(=591016.3)

157.5(144.2t0 170.8)
247.1 (238.7 t0 255.4)
19.3(891029.7)
11.2(081t021.6)

10.7 (—=1.51022.8)
—79(—=2641t010.7)

—04(—32.7 10 32.0)

Age windows are defined by the number and position of the knots, which were placed at quantiles of the age distribution

Table 4 Estimated mean age at peak BMC velocity from the selected natural cubic spline LME models, and selected SITAR models. For
comparison, the age windows for peak BMC velocity from the linear spline LME models are also presented

Females Males
ALSPAC BMDCS PBMAS ALSPAC BMDCS PBMAS
Mean age at peak BMC velocity (years)
Natural cubic spline LME model 125 124 122 139 144 14.1
SITAR model 12.1 12.5 12.0 138 141 139
age window for peak BMC velocity from the 114 to 13.9 10.7t0 13.6 79t0 142 12310159 123t0 16.0 125t017.1

linear spline LME model (years)

Distinct from the LME and SITAR models, we used
growth mixture models with a natural cubic spline to
identify population subgroups with different nonlinear
BMC trajectories. Linear splines with estimated knots
[56, 57] and smoothing splines [58] have also been used
to parameterise the nonlinear curve in these models
(i.e., instead of the natural cubic spline). Latent trajec-
tory models (e.g., growth mixture models) have previ-
ously been used to identify trajectory subgroups for
BMI [59], depressive symptoms [60], physical activity
[61], glucose response [62], and environmental expo-
sures [63], among others. It can be challenging to deter-
mine the optimal number of latent classes/sub-groups,
including whether the classes are meaningful or if the
model is just splitting the distribution of the random
effects into a larger group and smaller extremes. Model
selection is often subjective, and trajectory subgroups
can be cohort-specific and may not replicate in other

cohorts therefore, it is important to follow established
reporting guidelines [28].

Latent trajectory models will be most useful if there
are strong reasons to hypothesise that a study popula-
tion is composed of multiple unknown sub-groups of
individuals with distinct trajectories. Less complex
latent trajectory models (e.g., group-based trajectory
models) are computationally more efficient than growth
mixture models though, any subgroup differences iden-
tified by such models may just reflect within class vari-
ability, which is likely to be absorbed by random effects
in growth mixture models. If the aim was in explor-
ing specific hypotheses (e.g., sensitive periods), then
clustering (data driven) approaches may not provide
a suitable sub-group to test this, e.g., if the aim was to
explore the hypothesis that a lower birth weight fol-
lowed by faster growth in the first 1000 days increased
cardiovascular risk, this approach might not identify
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(f) BMC Latent Trajectories: PBMAS Males
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Fig. 7 Mean BMC growth trajectories by subgroup (latent class) from the selected growth mixture models. Figure shows the mean BMC growth
trajectories by subgroup (latent class) from the selected growth mixture models in ALSPAC females (a) and males (b), BMDCS females (c) and males
(d), and PBMAS females (e) and males (f). Colours distinguish between latent trajectory subgroups within subplots and should not be used to
compare between subplots. Shaded areas around the mean trajectories represent 95% confidence intervals. The numbers in each class are: ALSPAC
females (class 1: n=2337, class 2: n=>531, class 3: n=1139), ALSPAC males (class 1: n= 1339, class 2: n=2549), BMDCS females (class 1: n=101,
class 2: n=93, class 3: n=294), BMDCS males (class 1: n=176, class 2: n=289), PBMAS females (class 1: n=50, class 2: n=19, class 3: n=41, class 4:
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(a) GAMM BMC Trajectory in PBMAS
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Fig. 8 Using a penalised regression spline to describe mean BMC growth trajectory (top panel) and mean BMC growth velocity (bottom

panel) in the PBMAS cohort. Figure shows mean BMC growth trajectory (a) and mean BMC velocity (b) obtained from a penalised regression
spline generalised additive mixed model (GAMM) in PBMAS females and males. BMC growth trajectory was parameterised using a low rank
(eigen-decomposed) thin plate regression spline. Spline complexity was set at k=7 and the tuning parameter (\) was estimated by generalised
cross-validation. Growth velocity was estimated by differentiating the mean spline curve. Models included random intercepts and natural cubic
spline random slopes. See the documentation for the ‘mgcv' and ‘gamm4’ packages for more details on fitting GAMMs and available functionality

a cluster with this specific growth pattern. There may
also be value in using a combination of approaches [64],
like in this paper.

Identifying determinants and outcomes of trajectories

The models in this paper can be extended to include
early life exposures and later outcomes to explore their
associations with trajectories. Choice of method will
depend on the research aims. Exposure variables can be

added within LME spline models as fixed effects and as
interactions with splines to test their effect on trajecto-
ries and growth rate [3, 38, 65]. The individual growth
features (e.g., peak velocity and age at peak velocity) can
be obtained from spline LME model random effects and
used in separate analyses as outcomes or exposures [18,
66] — however, it is important to allow enough complex-
ity in the random-effects splines for sufficient between-
person variability (Fig. 9). Individual growth features can
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Fig. 9 Effect of increasing the number of knots in the random effects
spline on the individual growth velocity curves from the natural
cubic spline LME model. Figure shows velocity curves for 5 randomly
selected individuals, obtained from natural cubic spline LME models
in PBMAS males with 2, 4, and 6 knots for the random effects spline
curve. All models included 6 knots in the fixed effects spline curve. All
knots were placed at quantiles of age distribution

be easily obtained from SITAR and used in subsequent
analyses to examine associations with exposures or out-
comes [43, 67]. Of note, 2-stage approaches may be more
biased than 1-stage joint model [68, 69]. Exposures and
outcomes can be related to latent trajectories in a joint
model or a multistage process where subgroups are first
identified and subsequently used in separate models
(unweighted or (preferably) weighed for classification
probabilities) to examine associations [30, 59-63]. If the
aim was to identify effects of repeated exposure, then a
‘structured’ modelling approach may be useful for testing
competing hypotheses [70].

It is important to identify potential biases and explore
ways for mitigating them when analysing (causal) asso-
ciations between trajectories and exposures or outcomes
in cohort studies. Missing data can bias associations
depending on mechanism, and appropriate approaches to
describe and handle missing data should be explored [12,
71-76]. In a repeated measure setting, individuals with
missing outcome values can be included in the estima-
tion sample if they have at least one observed outcome
value. Mixed-effects models give unbiased results (i.e.,
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not biased by missing data) when the probability that an
outcome value is missing depends on observed values of
the outcome (i.e., outcome missing at random (MAR)
depending on observed outcome values). Bias due to
missing data will occur for these models when the prob-
ability that the outcome is missing depends on underly-
ing missing values (i.e., outcome missing not at random
(MNAR) depending on missing outcome values). With
incomplete covariates, bias can occur when the probabil-
ity of excluding an individual with missing covariate data
is related to the outcome. Regardless of bias, excluding
individuals with missing covariate information will often
mean discarding useful observed data, leading to impre-
cision [77].

Confounding can lead to spurious associations between
trajectories and exposures or outcomes. Confound-
ers (factors causally related to exposure and outcome)
should be identified (e.g., using Directed Acyclic Graphs)
and controlled for, taking care not to adjust for media-
tors (factors on the causal pathways) [78, 79]. Even with
adjustment, residual confounding (from using poorly
measured confounders or not adjusting for important
confounders) can bias results. Some useful strategies
for checking if residual confounding influences results
include using negative control variables and comparing
results across cohorts with different confounding struc-
tures [64, 80—82].

Comparing and modelling trajectories across cohorts

Researchers should be aware of potential differences
in the participants, data collection methods and analy-
sis models when comparing trajectories from different
studies. For example, the higher BMC due to the Lunar
machine in ALSPAC means it is inaccurate to conclude
that Britons had higher BMC (and peak BMC veloc-
ity) than North Americans. Another example is the
effect of medication use by older cohorts on combined
blood pressure trajectories [83]. New and existing mul-
ticohort collaborations provide unique opportunities to
jointly model such trajectories across different cohorts
and to extend the amount of the life course studied [84,
85]. However, this also generates additional challenges
including on model selection and missing data (see [86]
for a discussion of challenges and solutions to multico-
hort modelling). Whatever approach is taken (cohort-
specific or multicohort modelling), data harmonisation
is an important initial step that involves making data
comparable across studies [87, 88], e.g. using DXA ref-
erence standards to harmonise BMC [89]. Because age
(but not BMC) was fully harmonised in our example, a
simple approach to obtaining valid pooled estimate of
age at peak BMC velocity is to fit a growth model to all
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Fig. 10 Pooled mean BMC growth trajectory (solid black curves), mean BMC growth velocity (dashed blue curves), and mean age at peak BMC
velocity (vertical red lines) from SITAR models applied to individual participant data (ALSPAC, BMDCS and PBMAS). Figure shows mean BMC growth
trajectory (solid black curves), mean BMC growth velocity (dashed blue curves), and mean age at peak BMC velocity (vertical red lines) from SITAR
models applied to individual participant data (ALSPAC, BMDCS and PBMAS) for females (a) and males (b). Sex-specific individual participant data
SITAR models were fitted to ALSPAC, BMDCS and PBMAS combined, to obtained pooled estimates of the timing of peak BMC growth. This analysis
included individuals with overlapping measurements (8.8 to 22.1 years) from the 3 cohorts (n=4431 for females and n=4359 for males.) To mitigate
the cohort differences in BMC (higher values in ALSPAC due to Lunar machine), we modelled BMC in cohort-specific standardised units (mean=0
and SD=1), and the models were adjusted for cohort (as a fixed effect). Note it is not advised to fit SITAR to SD units as this distorts the underlying
biology — though in our example, results are consistent with cohort-specific natural unit results

individuals with BMC expressed in cohort-specific SD
units (Fig. 10).

Conclusions

LME models with linear and natural cubic splines,
SITAR, and growth mixture models are useful for
describing nonlinear growth trajectories in longitudinal
population studies, and these methods can be adapted
to other complex traits. Choice of method depends on
research aims, complexity of the trajectory, and available

data. This illustrative paper and accompanying R analy-
sis code and example datasets will we hope be a useful
resource for researchers interested in modelling nonlin-
ear longitudinal trajectories.
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